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Abstract

In this note we show that the deductive extension of Zermelo set theory depends
on the formulation of the axiom of infinity. In particular, we prove that the original
version given by Zermelo is not sufficient to prove the existence of the set w of von

Neumann natural numbers.

Introduction

Whereas in ZF the special formulation of the axiom of infinity is not important, it
makes a difference in absence of the axiom of replacement. Although this fact is not
difficult to prove, it seems to be widely unknown.

Let Zg denote Zermelo set theory without the axiom of infinity, i.e. the theory given
by the axioms of extensionality, separation, pairing, union, powerset and regularity in
their standard first-order formulation, like e.g. given in [1].

We use standard set theoretic terminology and notation. Classes are used as meta-
expressions as usual, and for a class C and formula ¢, C |= ¢ is an abbreviation for the
relativization of ¢ to C.

We shall use the well-known fact that bounded formulae (i.e. such that involve only
bounded quantifiers Vo € y, 3 € y) are absolute w.r.t. transitive classes; this is to
say that for a bounded formula ¢(z) and a transitive class C, ¢(a) < (C = ¢(a)) is
provable for every @ € C. A proof can be found in any textbook on set theory, e.g. in
[1]. In particular, the axioms of extensionality and regularity are equivalent to bounded

formulae, and are therefore valid in every transitive class.

The axioms of infinity

Let ¢ denote the set { 0, {0}, {{0}},...}, i.e. the smallest set containing the empty
set and closed under singletons. Let w be the set of finite von Neumann ordinals, and
let HF be the set of hereditarily finite sets. Although the existence of any of these sets
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cannot be proved in Zg, they can be defined as classes in such a way that they have all
desired properties.
The first form of the axiom of infinity we shall consider is simply ”there is an infinite

set”, i.e. one in which every element of w can be injected:
JyVe (r ew— 2 =<y)

We shall see that this axiom, which is denoted (infy) in the sequel, does not imply the
existence of any of the sets {, w or H F in Zg. (infy) is the original version of the axiom

of infinity given by Zermelo in [4]:
Jy(deyrVa(z ey — {2z} e€y))
(infs) is the usual axiom of infinity as it is found e.g. in [1]:
Jy(@deynVe(z ey — s(z)€y))

where s(z) denotes # U {z}. The following stronger axiom (infy) is also sometimes
found:

Jy (D e yAVa,z2(z €yNay €y — 1 U{aa} €y))

Fori=1,...,4, let Z; denote the theory Z¢ together with the axiom (inf;).
Now in Zs the existence of the set ( is obviously provable, and the same holds for
Z3 and w. Furthermore, in either case we can prove the scheme of induction for the

respective set,

Zo B @(0) AV (p(x) = p({2}) = Ve (v € ¢ — w(2))

and similarly for Zs with { replaced by w. Likewise, we can prove the existence of HF
in Z4. Thus we can conclude that Z4 F (inf;) for i = 2,3 since § € HF and HF is
closed under singletons and s.

Now we show that Zy - (infy). Define a function r on ¢ by

r@ =0,  r({z}) = s(r(z)),

and for a given n € w, define the function f, : n — ( by

fo=Alz,y) e nx G a=r(y)}

Then, since r is injective, f, is an injective mapping from » to (.

Finally we have Z3 t (inf1): For n € w, the identity mapping id,, := {(¢,7);7 € n}
is an injective mapping from n into w.

So we have the following diamond of implications between the axioms of infinity

w.r.t. Zo:
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We shall see in the following that none of the arrows can be reversed, and especially

)
infl)

that (infy) and (infs) are incomparable, in contrast to the situation in ZF, where all
four versions are equivalent.
The model constructions

By an inner model of a theory T', we mean a class C such that T+ (C | ¢) for every
axiom ¢ of T. We shall now give two inner models A" |= Z3 and Z |= Zy where the sets

¢ and w resp. do not exist.

Theorem 1 There is an inner model N of 73 such that
NE-Tzea=¢

Proof: First we describe the model NV informally: Let

No = w
N1 = PN
N = N
<w

We shall prove in Z3 that A is indeed a model of Z3, and that { ¢ V. The class N can
be defined by the following formula:

reN = Ff(fun(f)Andom(f)ewA f(0)=w
AV € w(s(i) € dom(f) — f(s(i)) = P(f(i))) A Ji € dom(f) z € (i)

First we shall show that A is transitive: Let a € A, then by there is a function f as
required by the definition and an 7 € w such that a € f(i). Then either i = @, then
a € w, and since w is transitive, @ C w, or ¢ = s(j) for some j € w, then a € P(f(7)),
and thus @ C f(j), and in either case a C N.

Since N is a transitive class, A" is a model of the axioms of extensionality and
regularity.

Next, N is closed under pairs and unions, and since these notions can be defined
by bounded formulae, they are absolute w.r.t. A/, so A/ is a model of the corresponding

axioms.



To show that A is a model of the axiom scheme of separation means that for every

formula ¢ and every a € N we have to prove
JyeNVeeN(zey—zcarN[ pz))

But if @ € Ny, then {& € a; N |E ¢(x)} is a subset of A/;, and hence an element of
Nit1, so we have found an y € A that fulfills the requirement.

Also N is closed under powersets, and a similar argument using the absoluteness
of subsets shows that the powerset axiom is true in A'. Finally, w € A/, and since it is
absolute, NV is a model of (infs).

Now ( is not an element of A/ since
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and since ¢ can be defined by a bounded formula, it is absolute and hence { does not
exist in the model N. 0

Since (infy) implies (infy), A |= —(infy). Therefore neither of these two axioms is a

theorem of Zs. Finally, since (infs) — (infy) we have N |= (infy) and thus (infy) does

not imply the existence of the set (.
Theorem 2 There is an inner model Z of 79 such that
ZE-Jrr=w

Proof: The model Z is defined completely analogous to the model A: We let

ZO = C
Zig1 = P(Zi)
z = |z
1<w

Then Z is a model of Zy, and w ¢ Z by the same argument as above. The class Z can
be defined by the formula

r €2 1 Jf(fun(f)Adom(f)C ¢ Atrans(dom(f))A f(0)=¢
AV e (({i} € dom(f) — f({i}) = P(f(4))) A i € dom(f) x € (7))

Note that a transitive proper subset d of { must be a finite initial segment of (: if
{z} € d, then by transitivity {2} C d, and thus = € d. Hence, in order to be a proper
subset of {, d must be finite.

Since the definition of Z mirrors the definition of ' we can prove the claims of the
theorem just like in the proof of Theorem 1, using induction on { where induction on
w is used there. a

Again, since (inf4) — (infs), Zz does not prove that HF' exists. Finally, since

(infy) — (infy), (infy) does not imply the existence of w.



The axioms of Parlamento and Policriti

In [2, 3] two formulae ¢;(a,b) i = 1,2 (of the lowest possible logical complexity) are
defined such that 3z, y¢;(x,y) is equivalent to (infs) w.r.t. ZF without the axiom of

infinity. These are

v1(a,b) = aZbha¢brbda
ANV €a(z Ch)AVe eb(z Ca)ANVe €alz ¢b)
ANVz,y € aVz,web(z€x ANz EwAwWEY — 2 €Y)
ANVz,y ebVz,wea(z€x ANz EwAwEY — 2 €Yy)

pa(a,b) = aZDANb£DNadgbADEa
ANV €a(z Cb)AVz €b(z Ca)
ANVz €aVyeb(zeyVy€a)

We now want to investigate how these axioms fit into our framework. First we have
that
Zo F pa(a,b) — ¢1(a,b)

The proof of this fact given in [3] requires only extensionality and regularity.

In [2] it is proved (in ZF), that if ¢q(a,b) holds, then either ' C ¢ and w” C b or
vice versa, where

G i={fi;iew} and W' ={g;icw}

with fo := 0, g, := {fo,..., fn} and foy1 := {90,...,9n}. The proof given there
requires — besides the axioms of Zg — some form of induction and can therefore be
carried out in Zy or Zs. On the other hand, p(w’,w”) holds, and since these are easily

definable subsets of HF, we have immediately:

Zst 3z, ypa(z,y)

We shall now show that 32,y ¢1(x,y) is not provable in Z; or Zs. Consider the models
we have constructed for these theories. We shall see that the sets w’ and w'” are not
elements of A and Z.

A closer inspection of the definitions of these sets shows that f(i+1) € Ngipq \ N2
and ¢g(7+ 1) € Naip2 \ Naip1. Thus &’ and w” cannot be elements of A. Likewise we
have f(i+2) € Z3i12\ Z2i41 and g(¢+ 1) € Z9;41 \ Z2;. Therefore they are also not
elements of Z.

Instead of directly constructing a model of Zg + Jz,y ¢1(x,y), we shall state the
following general observation that we made while proving this fact.

Let us call a set n-transitive if

VexcaVycaye UPi(a)



Thus 0-transitive means transitive in the usual sense.

Theorem 3 Let a be n-transitive for some n € w, then M defined by

Mo = a
Mi—l-l = M;U 77(./\/12)
M = U M.
1<w

1s a model of Zg.

Proof: M,, is transitive, for let @ € M,,, then either z € a, hence x C |J Pi(a), and
thus @ C M, or & € M1 \ M, for some ¢ < n, hence z € P(M;) and Zssonav c M.

It follows immediately that M is transitive, and hence M is a model of extension-
ality and regularity.

The validity of the remaining axioms is proved similar to the corresponding parts in
the proof of Theorem 1, with some extra care for the elements appearing in the layers
M; (¢ < n) below M,,. O

Now a model M of Zg + 3z, y ¢1(x,y) where neither of the sets w and ( exists is
constructed by taking ¢ = w’ in the previous Theorem, since w’ is 2-transitive. Then
w" € My, and thus M |= 3z, y ¢1(2,y) . w ¢ M and ¢ ¢ M can be seen by the same
method as &’ ¢ N
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