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Abstrat

We de�ne a property of models of simple type theory, viz. that of

being eventually omplete, and show that the existene of suh models

is equivalent to the onsisteny of Quine's New Foundations. Fur-

thermore we show that the usual standard models are not eventually

omplete, although for models with an in�nite domain of individuals,

we lak examples of sentenes witnessing this.

Introdution

By TST , the simple theory of types, we understand the following theory:

the types are the natural numbers, and there are variables of every type,

where the type of a variable is indiated by an upper index. The formulae

are built up from atomi formulae of the form x

i

2 y

i+1

and x

i

= y

i

, and

the quanti�ers an bind variables of every type.

The axioms of TST are extensionality
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2 b
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�

! a

i+1

= b

i+1

for every type i, and the axiom shema of omprehension
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for every type i and every formula '(x

i

) with free variable x

i

in whih the

variable y

i+1

does not our free. A standard model of TST is one where

for every i, the elements of type i + 1 form the full powerset of the set of

elements of type i, and 2 is the real elementhood relation.
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If ' is a formula in the language of TST and i 2 N, then '

(i)

denotes the

formula that results from ' by adding i to every type index. Instead of '

(1)

we also write '

+

.

The axiom shema of typial ambiguity (Amb for short) is ' $ '

+

for every

sentene '. For a lass �, Amb(�) denotes the shema of typial ambiguity

for all ' 2 �. Note that the rule of proof \from ' onlude '

+

" is admissible

in TST .

For a formula ' in the language of TST , let '̂ denote the formula in the

�rst-order language of set theory that results from ' by erasing all type

indies. A set-theoreti formula is alled strati�ed if it is of the form '̂ for

some '. On the other hand, if � is a strati�ed set-theoreti formula, then

we denote by �� its anonial strati�ation, i.e. the unique formula ' in the

language of TST using the smallest possible types suh that � = '̂.

Quine's New Foundations [4℄ is the �rst-order set theory NF whose axioms

are the sentenes '̂ for all axioms ' of TST . The onsisteny of NF is a

long-standing open problem. By a theorem of Speker, it is equivalent to the

onsisteny of TST + Amb. It is well-known (see e.g. [2℄) that NF proves

the existene of in�nite sets, as well as the negation of the axiom of hoie.

We now de�ne the entral notions of this note. For a modelM of TST and

a sentene ' we say that M eventually satis�es ' if there is an n 2 N s.t.

M j= '

(i)

for every i � n. E.g. ardinality statements like \there are at least

n objets of type i" are eventually satis�ed in every model of TST .

We all M eventually omplete if for every sentene ' (in the language of

TST ), M eventually satis�es ' or M eventually satis�es :'. Note that

M is eventually omplete i� the set of sentenes eventually satis�ed inM is

omplete, whih justi�es the | admittedly slightly awkward | terminology.

Finally we say that a sentene ' osillates in a model M if M j= '

(i)

for

in�nitely many i 2 N and M j= :'

(j)

for in�nitely many j 2 N. Hene an

osillating sentene in M witnesses that M is not eventually omplete.

Using an ultrapower onstrution for models of TST , we shall show that

the onsisteny of NF is equivalent to the existene of eventually omplete

models of TST . Furthermore we show that standard models of TST are

not eventually omplete, and we give examples of sentenes osillating in

standard models with a �nite domain of individuals.
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The model onstrution

Let M :=

�

hM

j

i

j�0

; h2

j

i

j�0

�

be a struture for the language of TST , i.e.

2

j

�M

j

�M

j+1

.

For i 2 N we de�ne M

(i)

to be the struture

�

hM

j

i

j�i

; h2

j

i

j�i

�

. In other

words,M

(i)

denotes the struture obtained fromM by forgetting the i lowest

types. Then the following proposition is quite obvious:

Proposition 1. For every sentene ' in the language of TST ,

M

(i)

j= ' i� M j= '

(i)

:

Let D be an ultra�lter on !. We denote the ultraprodut

Q

i2!

M

(i)

=D by

~

M

!

=D and all it the skew ultrapower ofM. An aount of the ultraprodut

onstrution for higher order models an be found in [1℄.

The skew ultrapower has the following property:

Proposition 2. For every sentene ' in the language of TST ,

~

M

!

=D j= ' i�

n

i ; M j= '

(i)

o

2 D :

Proof. By  Lo�s' fundamental theorem on ultraproduts,

~

M

!

=D j= ' i�

�

i ; M

(i)

j= '

	

2 D, and thus Prop. 1 yields the laim.

In partiular,

~

M

!

=D j= TST , sine ! 2 D for every ultra�lter D. If D is

the prinipal ultra�lter generated by fig, then

~

M

!

=D is isomorphi toM

(i)

.

Appliations

The following theorem onneting typial ambiguity to the onsisteny of

�rst-order theories was essentially proved by Speker, although he did not

formulate it in its full generality.

Theorem 3 (Speker). Let � be a set of strati�ed �rst-order sentenes.

Then � is onsistent i�

�

� = f �' ; ' 2 �g+Amb is onsistent.

In partiular, this shows that the onsisteny of NF is equivalent to the exis-

tene of a model of TST+Amb, sine NF is axiomatized by a set of strati�ed

sentenes. For an outline of the proof see Thm. 2.3.1 and Lemma 2.3.2 in

[2℄ or the original [5, 6℄.

We now relate typial ambiguity to eventual ompleteness.
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Theorem 4. If M j= TST is eventually omplete and D is a nonprinipal

ultra�lter, then

~

M

!

=D j= TST +Amb.

Proof. It suÆes to show that it is impossible that for some sentene ',

~

M

!

=D j= ' and

~

M

!

=D j= :'

+

. By Prop. 2, the �rst statement is equivalent

to F

1

:= fi ; M j= '

(i)

g 2 D, and the seond one is equivalent to F

2

:=

fi ; M j= :'

(i+1)

g 2 D.

However, sineM is eventually omplete, one of the sets F

1

and F

2

must be

�nite, and hene annot be an element of the nonprinipal ultra�lter D.

On the other hand, if a model of TST satis�es typial ambiguity, it is obvi-

ously eventually omplete, hene we have:

Corollary 5. NF is onsistent i� there is an eventually omplete model of

TST .

A slight re�nement of the proof of the above Thm. 4 together with Speker's

Theorem 3 yields the following:

Theorem 6. For every strati�ed sentene ', NF proves ' i� every even-

tually omplete model of TST eventually satis�es �'.

Proof. Suppose there is an eventually omplete modelM of TST eventually

satisfying : �'. If D is a nonprinipal ultra�lter, then

~

M

!

=D j= TST +

Amb + : �', and by Speker's Theorem 3 we get a model of NF + :'.

On the other hand let NF + :' be onsistent, then again Thm. 3 yields a

model of TST +Amb+: �', and of ourse this model is eventually omplete,

and does not eventually satisfy �'.

An appliation is e.g. the following: Let AC denote the axiom of hoie in

the following form: for every set a of pairwise disjoint nonempty sets, there

is a hoie set, i.e. a set whose intersetion whih eah element of a has

exatly one element. This an obviously be written as a strati�ed sentene.

Then, sine NF proves :AC, no model of TST satisfying

�

AC

(i)

for every i

is eventually omplete. In partiular, we have:

Corollary 7. No standard model of TST is eventually omplete.

Another onsequene is the following: Let M be a standard model with M

0

�nite, and let FIN be a sentene in the language of TST saying that there
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are only �nitely many objets of type 0. Then M annot be eventually

omplete, sine M j= FIN

(i)

for every i 2 N, whereas NF proves :

^

FIN .

Note that for suh M, the skew ultrapower

~

M

!

=D has the property of

satisfying FIN

(i)

for every i, as well as the statement "there are at least n

elements of type i" for every n and every type i. This shows that the notion

of �niteness annot be expresses in TST in a ompletely satisfying way.

Let 8

4

denote the pre�x lass 8

�

9

�

8

�

9

�

. In [3℄ the equionsisteny of NF and

TST +Amb(8

4

) was proved. Hene we ould replae \eventually omplete"

by \eventually omplete for 8

4

-sentenes" throughout the above arguments,

and where we assert the existene of osillasting sentenes, we an further

onlude that osillating sentenes of this form must exist.

Osillating sentenes

For the standard models M with a �nite set M

0

of individuals, osillating

sentenes an be expliitely onstruted as follows:

De�ne the set of Frege-Russell natural numbers N

i

of type i+3 as the set of

equivalene lasses of equipollent sets of type i + 1. Note that N

i

ontains

the natural numbers from 0 through jM

i

j. On these, the relation y = 2

x

an

be de�ned: y is the set of all sets of type i + 1 that are equipollent to the

powerset of some set in x.

Let S

i

be the least subset of N

i

suh that jM

0

j 2 S

i

and whenever x 2 S

i

and 2

x

2 N

i

, then 2

x

2 S

i

, so that S

i

= f jM

j

j ; j � i g. By formalizing this

onstrution we an write down a sentene ' suh that '

(i)

expresses that

the ardinality of S

i

is even. Thus M j= '

(i)

i� i is odd, so ' osillates in

M.

This onstrution an be modi�ed in suh a way that the numeral jM

0

j is

not mentioned expliitely. This yields one sentene that osillates in every

standard model M with M

0

�nite. In fat, assuming GCH or the weaker

hypothesis that the funtion � 7! 2

�

is injetive on in�nite ardinals, we

an prove that this sentene osillates in all standard models. We were not

able to ome up with an example of a sentene of whih we an prove that

it osillates in any standard model with an in�nite domain of individuals

without using strong set-theoreti hypotheses.

Thus it is a hallenge to even �nd a sentene osillating in the standard model

with jM

0

j = �

0

, provably in ZFC. Another hallenge is to �nd simpler

osillating sentenes in the ase M

0

�nite, sine the sentenes onstruted

above are muh more omplex than 8

4

. One lass of simple sentenes is
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ruled out as examples by the following:

Observation: No sentene equivalent to a boolean ombination of state-

ments jM

0

j � r (mod n) for some r; n 2 N osillates in any standard model

of TST .

Proof. This is obvious for M

0

in�nite, so we assume M

0

is �nite. Let v

i

:=

jM

i

j for i 2 N, hene v

i+1

= 2

v

i

. Then for eah n � 1, the sequene

hv

i

modn; i 2 Ni is eventually onstant, more preisely: for every n � 1 and

i � n: v

i+1

� v

i

(mod n).

This is proved by indution on n as follows: let n = 2

w

m with 2 - m. Sine

2

w

� n � i � v

i

= 2

v

i�1

, we have w � v

i�1

, and hene v

i+1

� v

i

(mod n) is

equivalent to

2

v

i

�w

� 2

v

i�1

�w

(mod m) :

Now if m = 1, this is trivial. Otherwise we must have m > 2, hene the

above ongruene is equivalent to

v

i

� w � v

i�1

� w (mod ord

m

(2))

$ v

i

� v

i�1

(mod ord

m

(2))

and sine 1 � ord

m

(2) < n and (i� 1) � ord

m

(2), this is an instane of the

indution hypothesis.
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