It is shown that the theory VNC!, introduced by the author in the
companion paper [1], can formalize the construction of a sorting network of
logarithmic depth, assuming that the existence of a suitable class of expander
graphs can be proved therein.

It follows that under this assumption, there exist polynomial size boolean
threshold formulas, s.t. their properties have polynomial size Frege proofs.
This in turn implies — using a result of Atserias et al. [2] — that Frege systems
can be polynomially simulated by the monotone sequent calculus M LK, a
variant of the classical propositional sequent calculus LK without a symbol
and rules for negation. A quasipolynomial simulation of Frege systems by
MLK has been shown unconditionally by Atserias et al. [2].
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